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This paper is devoted to an extension of the Rakhmatulin equations for  e l a s t i c - p l a s t i c  wave p:copa- 
gation [1, 2] to the three-d imens ional  case. Rules are  formulated for the construct ion of the dynamics equa- 
tions of a continuous medium which can be used for some models of inelastic media. These rules  are  obtained 
by formalizat ion of the ideas contained in [3], which were rel ied upon for wri t ing the equations of no:alinear 
v iscoelas t ic i ty  on the basis of the Maxwell relaxation model. The basic  idea is to use the concept o.f the effec- 
tive elast ic  s t rain (strain of elastic unloading of an element of the medium) to descr ibe  the s t r e s s  state. The 
tensor  of the actual distortion is thereby represented  in the fo rm of the product of the effective elas~Lic and 
plastic distortion tensors .  The descript ion of inelastic s t ra ins  in the models under considerat ion consists  of 
giving the law for the rate  of change in the plastic s t ra in  as a function of the s t r e ss  state of the medium and of 
its ra te  of change. 

The sys tem of dynamics equationseor~sists of themomentum and energy conservat ion laws as weIt as of 
the equations for the evolution of the effective elastic distort ion tensor  or  of some effective elastic s t ra in  tensor .  
The Hencky logari thmic s t ra in  t ensor  is selected here.  The law governing the behavior of the medium under 
plastic s t rains  is expressed  as follows: The rate of change of the plastic s t ra ins  in each direction is r e p r e -  
sented in the form of a l inear combination of the ra tes  of change of the s t r e s ses  with coefficients dependent on 
the state of the medium. In substance,  this extends the method of determining the plastic s t ra ins  in the one- 
dimensional Rakhmatulin model .  The main  requi rement  on the selection of the mentioned combination 
of the ra tes  of change of the s t r e s s e s  is the co r r ec tne s s  ofthe system of dynamical equations obtained. The 
co r rec tness  requirement  permits  the unique selection of the coefficients needed in this l inear combination. 
The investigation is per formed for the equation of state (internal energy density) of the form E =E~ S) + 
El(hi, h2, hE) , where p is the density, h i are  the principal values of the effective elastic Hencky strain tensor ,  
and S is the entropy. 

The possibil i ty of applying the dynamical  equations formulated is shown in a simple example o!F homoge- 
neous s train of a flat layer .  

1. E Q U A T I O N S  O F  M O T I O N  

O F  A C O N T I N U O U S  M E D I U M  

Let us write the equations of motion of a continuous medium in Euler coordinates  by using the concept of 
an effective elast ic s t ra in ,  the s train of elast ic unloading of an element of the medium. The distortion tensor  
is used as a measure  of the strain.  A standard s t r e s s - f r e e  state,  determined by using the effective elastic dis-  
tort ion in a known s t ress  state,  is introduced for each state of the element of the medium. On the basis  of this 
matr ix ,  the total  distort ion is separa ted  into the product of the elast ic and plastic distort ion mat r ices .  The 
selection of formulas  to calculate the plastic distort ion is determined as a function of the model of tile inelastic 
medium for which the dynamical  equations must  be written out. 

Let us formulate  the equations of motion of a deformable medium without taking account of the internal 
p rocesses  occur r ing  therein  (we call internal friction, heat t r ans fe r ,  chemical  react ions between medium con- 
sti tuents,  etc. such processes) .  We shall cha rac te r i ze  the state of the medium at each point of space, provided 
with a Cartesian coordinate sys tem x i by the following "observable: '  quantities at the t ime t :  the velocity field 
ui(t, xl, x2, x~)~ the s t r e s s  field o'ij (t, xl, x2, x3), andthe t empera tu re  T(t, xl, x2, x3). We shall consider  the 
momentum and energy conservat ion laws, which are  descr ibed well by the known equations 

pdui/dt- Oaij/Oxj = O; (1.1) 

pdE/dt- ~]Ou~/Oxj = O, (1.2) 
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to be sat isf ied during motion of the medium, where d/dr = 0 / 0 t + u ~  0/~x a is the derivative along the motion 
t r a j ec to ry  p (t, xl, x2, x 3) is the density of the medium, and E(t, xl, x2, x 3) is the internal energy density (we in- 
dicate its relat ionship to the s t r e s s  state of the medium below). 

It is known that the proper t ies  of a medium often depend on what s t ra ins  occur red  pr ior  to the running 
t ime t. The "distort ion" of its behavior  must thereby be known for the co r rec t  descript ion of the medium. Let 
observat ion of the motion of the medium star t  at the t ime t = 0; i.e., the coordinates are  known for the par t ic le  
x[, which has the coordinate x i at a given t ime t. The motion of this par t ic le  is given by the functions xi = 
xi(t, x~, x o, x~), which can be obtained by solving the equations 

d x  i ( t ) / d t  = u i ( t ,  xx, xo, xa) , x i (0) = x ~ (1.3) 

Let us consider  the functions xi(t , x~, x ~ x ~ continuous and mutually one- to-one;  the dependence x~(t, xl, 
x~, x.~) can thereby be determined.  It turns  out  to be convenient to descr ibe  the s train on the medium by the 
matr ix  of the Jacobian ax[/Oxj.  The conjugate mat r ix  to th i s  Jacobian: a~j = 0x~/axi,  is called the real  (total) 
distort ion matr ix.  By using formal  differentiation, equations for the real-dis tor t ion are  obtained f rom (1.3): 

,t.?j o.~ a~; = 0 d---F + 

I % /  or in matr ix  fo rm for A o= lla~j II and W = O--~-i l, 

dAO/dt  + W*A ~ = 0. (1.4) 

However,  the rea l  dis tort ions a re  not associated with the s t r e ss  state of the medium. Indeed, although 
rea l  s t ra ins  can also not occur  in a medium, the s t r e s s  field therein can change because of relaxation or other 
inner p rocesses .  The so-ca l led  effective elast ic s t ra in  [3] [this is the strain which must be executed elast i -  
cally (by adiabatic means) on the element of the medium in o rde r  to t r ans fe r  it f rom the s t r e ss  state to the 
state with a given s t r e s s  field] is re la ted to the s t r e ss  state. 

Let a par t ic le  of the medium be at a point x i at the t ime t and, after  unloading, the element of the medium 
at the noint x" The matr ix  a e -Ox--/0x; is also called the effective elastic distortion containing this par t ic le  is ~. t. ii - j ~ . 

matr ix.  Let us note that ,  as a rule,  it is impossible to i~troduce the coordinates ~ifor  the meoium as a whole; 
i.e., it is impossible to l iberate  a s t r e s s e d  body elast ical ly  f rom the s t r e s se s  so that it would be entirely within 
the Euclidean space.  However,  such a procedure  can be executed in the small  neighborhood of a single part icle,  
where the coordinates  a re  defined just  to the accuracy  of a rotation [3]. 

Using the effective elast ic  distort ion concept introduced, we obtain 

,~ o ,  ~ = _ _  ~, ~ e V (1.5) 
aiJ  : Ox~ Ox~ Ox i - -  a a j a ~  = ai~aai 

or  in matr ix  fo rm 

AO = A e A P "  (1.6) 

A new Object has been introduced, the matrix AP= IIa p II ,whichwe designate the plastic (residual) distortion 
matrix. It characterizes the irreversible strain, i.e~ J, the strains which remain in the medium after unloading. 
From (1.4) and (1.6) we obtain 

d A  e .'e d A p  
dt "w W * A  e = - -  A - - ~  ( A O - ' .  

Let ~= ~ijH = - (dAP/dt) (A p) -1 che dot does not denote differentiation here ;  this is s imply a symbolic nota- 
tion). Fu r the rmore ,  the supersc r ip t  e will be omitted exactly as the word "effective" in the notation for the ef- 
fective elast ic distortion. There fo re ,  the following equations for the evolution of the elastic distort ion a re  ob- 

tained: 

d A / d t  -~ W * A  = A ~  (1.7) 

and in the component-by-component  fo rm 

d.~ ~ a,% (1.8) 
dt  Ox i r162162 = a i a  ~ a j .  
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The ma t r ix  A admits  the r e p r e s e n t a t i o n  

A = UK-~V,  

where  U, V a r e  or thogonal  m a t r i c e s ,  the m a t r i x  K - I  is a diagonal ma t r ix  

K - j  
k~ -~ 

0 k ~ J  

(1.9) 

and the ki have the meaning of tension (compress ion)  fac tors  along the pr incipal  e last ic  strah~ axes.  

The s t r e s s  t enso r  has the f o r m  

(i ,~  ~ t ilo~j[}= U % 0 U*, 
0 a~/ 

where  ~[=  PkiEki a r e  the pr incipal  s t r e s s e s ,  p=p0/klk2k3 is the density,  E(kl, ks, k3, S) is the internal  energy  
density,  and S is the entropy.  The s t r e s s  is calcula ted d i rec t ly  in t e r m s  of the dis tor t ion t enso r  by m e a n s  of 
the fo rmulas  

]t ~J I! = i1- p~Eo:~ [I = - pAOZ/aA*. 

Let us note that the t e m p e r a t u r e  of the med ium is ca lcula ted  by the fo rmula  T = OE/O S(kl, k2, k3, S). 

Thus,  the s y s t e m  of equations 

p du{/dt - -  Oc~{j/Ox~= O, pdE/dt  - -  ~i~Oui/Ox~ = O, 

daii/dt 4-a~iOu~/Ox~ = ai~ ~ i ,  (1.20) 
P=p0de~]la~tl, a i i - = - - p a ~ E a ~ ,  E = E(k~, k~, k~, S) 

is obtained to desc r ibe  the motion of a Continuous medium.  

To close this system of equations, it is necessary to give the terms (Pij describLng the inelastic strains, 

by some method. It turns out to be convenient to relate (Pij to the existing stress state of the medium and to 
its t e m p e r a t u r e ;  t he reby  ~ij is de te rmined  in t e r m s  of the elast ic  s t r a ins  and the entropy. This re la t ion  is 
es tabl ished in [3] by using interpolat ion by the  Maxwell re laxa t ion  t e r m s  which post~alate s t r e s s  re laxat ion  to 
a global t ensor .  A method will be given in this  paper  f o r  giving ~0ij by using an e las t ic  - p l a s t i c  scheme.  

Now, let us indicate ce r t a in  c o r o l l a r i e s  of  the s y s t e m  (1.10). Let us r eca l l  that a ij is the effect ive 
e las t ic  distort ion.  An equation for  the densi ty p =p0det  I!aijtl r e su l t s  f r o m  the equations for  aij.  To do this  
the equation for  ai~j must  bet multipliednd cor responding ly  by paij=pcji,_ where  cji a r e  e lements  of the inverse  
m a t r i x  to A = llaij I] , C =A- , a all  the equations a r e  added, a f te r  which we obtain 

and by using the identities c j i aa j  =5 in,  cjiaia = 6 j a ,  

di? dt ~ pOtq O:Q = 9o2jj. 

An equation has therefore been obtained for the density with the right sid~ P(~II +~2~ +~33). Therefore, 
for compliance with the mass conservation law it is necessary to require that 

%1 + ~2~ 7 %~ = 0. (1.11) 

This eqctality denotes compl iance  with the incompress ib i l i ty  condition for  the plas t ic  s t r a ins  (the models  under 
considera t ion  do not take  account of the volume c o m p r e s s i b i l i t y  of the medium).  

A c o r o l l a r y  to the s y s t e m  (1.10) is the equation for the entropy.  In fact ,  by using the dependence E = 
E(all , a12 , . . .  , a 3 3  , S) we have 

' dE  d a n  d S _  ~ ~ . Ju e 
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f rom which 

dt -- ES ail dt --  pE s : '  Ox~ = ~ Eaijaai O~ ES E:~/a~cp:+ + oE---~ O:---f." 

Now using the express ion for  ~ij = - P a i a E a j  ~, we see that the t e r m s  with derivat ives of the velocities cancel  
and we obtain 

dS t " 
- ~  = - -  - ~ s  E , , ~ a ~ .  

Let us note that Ea~jaiu~aj = tr - ~  O ' A *  = tr A O C A  . , where C =A -1, and we obtain by using tlaii]! = --pA. 
OE/OA *,~ 

dS t l �9 (1.12) 

C = Ilei+~[ = A " t .  

As is known, the second law of the rmodynamics  dictates no decrease  in the entropy, which implies the 
need to comply with the inequality 

a ~  c ~ i  ~ 0. (1.13) 

Therefore ,  const ra in ts  (1.11) and (1.13)have beenobtained,  which should be imposed on the selection of the 
t e r m s  taking account of the inelastic s t ra ins  ~ij:  

%~ + %~- + (Pus = O, a ~ % ~ c ~ a ~  ~ O. 

2.  E Q U A T I O N S  F O R  A L O G A R I T H M I C  

S T R A I N  T E N S O R  

We shall  use the Hencky logar i thmic s t ra in  t ensor  to formulate  the dynamics equations of Inelastic media. 
We shall  wri te  the equations in t e r m s  of the effective elast ic s t ra ins  which were introduced in Sec. 1. 

The elast ic  distort ion matr ix  A can be represen ted  in the fo rm of (1.9). It is convenient to use  the met r ic  
s t ra in  t ensor  G=AA* to descr ibe  the s t ra in ,  thereby  getting rid of the mat r ix  V: G=AA* =UK-2U * . An equa- 
tion for G can be obtained f rom (1.7) for A: 

dG/dt + GW + W*G = A(~P + ~*)A*. (2.1) 

Let 

(001 ~ ~ ) D~ = g2 = K -2,  D A = K  -~ ( G =  UD~U*,  A----UDA F ). 

" 0 g 

It is convenient  to use the pa rame te r  h i =-(1/2)1n g i= ln  ki to descr ibe  the s t ra in  in the principal axes. 
Indeed, we a s s u m e  that at the t ime t =0 all the s t ra ins  have occur red  only in the fo rm of tension (compression) 
along the coordinate  axes under the effect of the s t r e s s  ~t acting along these  axes. In this case the elastic and 
plastic distort ion m a t r i c e s  as well as the velocity gradient mat r ix  will be diagonals. Equations (1.8) for  the 

evolution of dis tor t ion have the f o r m  

04 .  = _ ~ - t  ~ ( k f ) - ~  k?  dkTl _, ....z, k~ -t 
dt  ' Ox! ~2 dt  z ,  

f rom which 

Ou! dk~ 
~k~ _ k~ = - k i  ( i f )  - ~ .  
dr' oz~ 

Taking into account that (kP)-ldkP=d In kP=dh p, we obtain for h i = l a k  4 
L t 

dt Ox i d t  

(2.2) 
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It iS seen that h i +hPhave the meaning of r ea l  s t r a ins  along the pr incipal  axes of the s t ra in  t ensor .  

Now, let us define the logar i thmic  s t ra in  t ensor  for  a r b i t r a r y  s t r a i n s  by means  of the fo rmula  

H = U D ~ U * *  

where  D ~ =  hi 0 ; h ~ - - ~ I n g ~ = l n k ~ ; a n d U  is the s a m e  ma t r i x  as in (1.9). Let us wri te  the equation 
0 h 

for the t i m e  var ia t ion  of H. Using (2.1) we obtain 

dD dU UD~U* @ U *  + U D G U * W  + W * U D ~ U *  L r D A V  (di) + ([)*) V * D A U * "  U ~ U* _1_ DaU* - -  = 

Multiplying both s ides of this  equation on the left by U*,  on the r ight  by U, and using the notation ~ = i[wij I] = 
U*WU, we obtain 

dDv  , U *  dU dU 
dt -~ - f f ' D a  - -  DGU* --di- -~- DGf] -}- ~*DG = 2DA X[JDA,. (2.3) 

where  T = (t/2)V(CD + ~*)V* = [1~[1. It can be seen that  ze ros  a re  on the diagonals fo r  the m a t r i x  D~--  
dU 

DaU* -dY and the m a t r i x  dDG/dt is a diagonal mat r ix .  Writ ing the ma t r i x  equation (2.3) in component  t e r m s ,  

we obtain an equation for  the pr incipal  values of the t en so r  gi: 

dg~/dt @ 2g~o~i = 2gi~ii  , 

and an equation for  the nondiagonal e lements  of the ma t r i x  U*dU/dt~ 

U* (g~ohj -~ g~o~jg) - -  2 V -E. 

Equations for  h i = -  (1/2) In gi follow f r o m  the equations for gi ; 

d h J d t -  ~u = - - ~ i ~ -  

From the equation 

and (2.4) and (2.5) t he re  follows 

. dH  dDH dU 
6*-~y U -dT- -t- U* ~ -  Du = - -  DHU* - -~  

(2.5) 

I fOli  h I - -  h ~ ,  
[ ~ -----g3 (g:d~ w- ga%t ) [ 

dH - -  U - -  ; : - - : : ' ( g 2 r 1 7 6  ~- g~~ ~  h o - - h ~ ,  , , ,  
dt ~ 2 - ~  (g2023 ~ gacoa2) l U * -  ! h~ - -  h~ , , , - -  g~ - -  gl (g~~ ~ g ~ o ~ )  h~ - -  h~ , 

- -  g~ __ g~ (gao)~ -]- g~o.,~) ~%~ I 

- - U  

- -  _ _ _ ~  o J~,, g lg~h3 I 
I~11 g l  - -  g 2  g l  - -  g 3  - , 

h~ - -  h 1 ~ h~ - -  h 3 1 - - -  I 

h3 - -  h i  2 l/'~3g~*~l ~3_U_ 1,2 2 V~3g.,.%.,, Sea ] 
g3 - -  gI ~ a - -  g2 

u*. (2.6) 

Here  gi=e-2hi ;  ~ = [l~oiiI] = U*]IOu , jOx .d lU.  

Thus,  equations have been obtained for  the t i m e  var ia t ions  in the  logar i thmic  s t r a in  t ensor  H. These  equa-  
tions a r e  not c losed in the component  hij s ince the right side of  the equation is wr i t ten  in t e r m s  of the pr incipal  
values h i and the e lements  of the or thogonal  ma t r i x  U; neve r the le s s  the use  of these  equations is not a difficulty 
s ince h i and U a r e  de te rmined  f r o m  the equation 
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(i ~ t U h2 0 U* = H. 
0 h J  

The equations obtained for the t enso r  H are  convenient for  the construct ion of the dynamical  equations of in- 
elast ic continuous media. Let us note that the formulas  to calculate the s t r e s se s  in t e r m s  of hij become 
s impler ;  it can be shown that 

(liJ = P 0.__E_E, whereE=E(h~, h2, h~, S); p = p o e  -(h'+h:+h,), (2.7) 
Ohij 

where  h i a re  the principal  values of the t ensor  hij. 

The evolution equations for the t ensor  H in combination with (1.1) and (1.2) for the velocity and internal 
energy fo rm a closed s y s t e m  if the method of calculating ~ij, the t e r m s  in the equations for hij which descr ibe  
the plastic s t ra ins ,  is known. 

Let us wri te  the equation of the Maxwell relaxation model by using (2.6) for the logari thmic tensor  H. 
We shall consider  rotat ion of an element of the medium as a whole not to be accompanied by plastic strains$ 
this means that 

We take the following formula  for  eli:  

,~j ~_ 0 (i -~ ]). 

where ~-= ~-(hi, h2, ha, S) is the cha rac te r i s t i c  relaxation t ime for  the tangential  s t r e s s e s  dependent on the state 
of the medium. 

The selection of such formulas  for the inelastic s t ra ins  governs the relaxation of the effective elastic 
s t rain tensor  to a global t ensor ,  meaning (if a one- to -one  connection between the s t r e ss  and the effective elastic 
s t rain is assumed) the relaxation of the s t r e s s  t ensor  to a global t ensor .  

3. DYNAMICAL EQUATIONS 

OF ELASTIC-PLASTIC STRAINS 

Let us describe still another method of closing the system of equations of medium motion by using the 
selection of interpolation formulas  for r  the t e r m s  in the equations for the logari thmic tensor  hij of the ef- 
fective elastic s t ra ins  which descr ibe  the ra te  of change on the inelastic s t ra ins .  

Let us consider  the case  of s t ra ins  occur r ing  only along the axes x i. The equations for the tensor  hij , 
which will be diagonal, will hence have the fo rm (2.2). 

Let us select  the invariant 

h = (l/Vr~-[(h~l- h~2) ~- -}-(h22- h33) ~ -}-(h3a- hn) 2 + 6(h12h~l + h23ha2 + hahn3) ]1/2, (3.1) 

which we call  the tangential  s t ra in  intensity, as the measu re  of the tangential strain.  Let us note that by virtue 

of the invar iance 

h = (i/i:2-)[(hl --  h2)"- + (h2 -- ha) ~ + (ha --  h~) 2 ]1/2, (3.2) 

where h i a re  the principal  values of the t ensor  hij; i .e.,  h [s independent of rotations of elements of the medium 
charac te r i zed  by the mat r ix  U. 

Let us a ssume that the medium has the yield s t r e s s  cha rac te r i zed  by the magnitude of the tangential 
s t ra ins  h = h . .  Let us cons ider  that 

�9 dh~ dh~ ~hj 
~i=--3-K-=O for h < h . ,  %--- dt -~TU-~- for h > h . .  (3.3) 

The coefficients Tij govern the change in the effective elast ic s t ra ins  under plastic deformation. Let us note 
that Tij = 0 can even be for h > h , .  This should hold for unloading. 

Thus, in the case  of t r iaxia l  s t ra in  without rotat ions,  equations for h i a re  postulated by using (3.3): 
dhi Oui dhl (3.4) 
dt Ox i ----- - -  ~ i J - - ~ -  
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Let us solve (3.4) for  dhi/dt.  Using the notation Itflij II = [I6ij + ~ j  il -I ,  we obtain 
3 

dh i O~j ~ ~ ~ ~ = 0. (3.5) 

Let us make the select ion of the ma t r ix  flij specific.  F i r s t ,  we obtain th ree  a lgebraic  relat ionships for  flij 
f rom the mass  conservat ion law. 

The mass  conservat ion law is de termined  by the equation 

~ \o~, + ' ~ +  o~ ) = ~  
- ( 3 . ~  

From (3.5) we have 
3 

d (hi -{- h~ + hs) 0ui  
di - ~ ( ~  + 1~2~ + f~) ~ = 0., 

f r om which it follows that by vi r tue  of (3.6) 

[~  + [~j + ~ j  = i. 

Moreover ,  we assume isot ropy of the plast ic medium of the following nature:  0u2/0x 2 exer ts  the same in- 
fluence on the change in h l as does a u 3 / O x  3 (the same assumptions  for  h 2 arid h3). These  requ i rements  mean 
that 

~ :  = ~ ,  ~ = ~ , ,  ~ = ~,~. 

Selecting t h r e e  independent p a r a m e t e r s ,  

we obtain 

~lt = i - -  12-- l~, ~ ~ i - -  l~ - -  tt, . ~  = i - -  l~ - -  l z. (3.8) 

The equations for  h i take the following form:  

dh~ au2 &3 (3.9) ( l  - t~ - q ) ~ )  

Let us now examine how the equation for  the entropy will be in the  case  trader considerat ion of s t ra in  along 
th ree  axes under the select ion made for  the mat r ix  flij. All the mat r ioes  crij , cij , a ij,~0ij a re  diagonal for  
s t ra ins  along th ree  axes;  hence,  taking account of (1.i2) the equation for the entropy is writ ten in the form 

d s  l " f " " ~ = r  %,~, = y (%~, + ~ + ~%) 

The plast ic t e r m s  (~fare calculated by means of (3.3), t h e r e fo r e  

Using (3.5), we obtain 

By definition 

i . e ,  

d S  l d h j  

3 
d.~S 
dt  v S c*=t 
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3 es=  
d'~t P E s ~ i  ~ I  

Using the formulas  (3.7) and (3.8) se lec ted  for flij, we obtain an equation for S: 

dS - Ou t Ou~ Ou 3 pEs~  = [(~h - -  %) l~ + ( ~  - -  %) ts] ~ + I(~h - -  %) 13 + (% - -  ~1) l~] ~ + [(~3 - -  ~h) lI + (% - -  %) l~] ~ .  (3.~0) 

Let us introduce t e r m s  descr ib ing  the plast ic  s t ra ins  in the equation for  the t enso r  hij under a r b i t r a r y  
s t r a ins .  We shall  cons ider  ro ta t ions  of the e lements  of the medium not to be accompanied by plastic deforma-  
tions since the se lec ted  plast ic  deformat ion  cha rac t e r i s t i c  h does not contain elements  of the mat r ix  U [see 
(3.2)]. We the reby  set  r =0 for  i ~ j .  We consider  the diagonal e lements  of the mat r ix  r the same as in the 
ca se  of s t r a i n s  along th ree  axes: 

hj a re  the pr inc ipa l  values of the t en so r  hi]. 

Equations (2.4) and (2 .5) take  the fo rm  

Op~ = u  (3.11) 

dh t dhj 
- d T - - o .  = _ ~ i : - d 7  , 

U* av] i 
~ j ~  e _gj(g#~:§ v-4:]. 

(3.12) 

It can be shown that for  such a choice of ?ij 

3 
dS dh 1 

i= i  

(3.13) 

holds ,  

r 

We also  solve the equations for  h i for  dhi/dt .  They can be obtained f rom (3.9) by replacing 0 u i / 0 x  i by 

~ =  ( t  - - / ~  - -  13) o)tl + ll (o2~ + r 

dh'.--'2~ = ( i  - -  l 3 - -  ll) 0)2~ -t- 12 (0)ss + 0)11), ~ ~-- (t  - -  /1 - -  /2) 0)33+/3 (0)11-["0)22)'" 
dt  

(3.14) 

Using (3.12) and (3.14), the equations for  the t enso r  components hij can be wri t ten down. 
identity 

U *  dH dDlI U * ~ t  DH dU - ~  U = ~ + - -  D ~ U *  "d-i' 

Again using the 

we obtain 

hz--he hi --h3 ' 

_ _  h 2 - - h i  . h 2 - - h  s - . 

! ha--h 1 ha--h~ 

U*. (3.15) 

Here  gi =e-~h~; {t0)~J~ = U *  U. 

An equation for  the entropy S can be obtained f ro m  (3.15) for H and the energy conservat ion law. 
this ,  we use  the formula  for the s t r e s s  

To do 
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We have f r o m  the energy  equation 

dS i dE 
dt E s dt 

E~,idh~:=o,~ Ou~ i t r [OEdH~ 
E S dt oEs 8x~ E S ~ , ~ ' - ~ ,  

(3.16) 

and f r o m  (3.15) for  H we have 

It can be shown that  

Therefore, 

+ (~ [(i --  13 --  l~) r ~ l~ (r + r -~% [(l--/t--/~) r a ((o~+r = 

~lr -~ ~r~.~o2~_ -~ %(%~ = a~sOu~/Sx i,  

oh1 § o)~_ -b o3~ = OujOx~. 

Substituting this  express ion  into (3.16) we obtain 

(3.17) 

It can be seen  that  in the  ca se  of the diagonal ma t r i x  ~ i j , Eq .  (3.17 ag rees  with (3.10) fo r  the case  of t r i ax ia l  
deformat ion .  

Thus,  (3.15) for  H in combinat ion with (1.1) and (1.2) for  the veloci t ies  and energy  for  a known equation 
of s ta te  E0al, h2, h3, S) , by which the s t r e s s e s  (2.7) a r e  de te rmined ,  and the known coeff icients  li(hl, h~,, ha, S) 
f o r m  a c losed s y s t e m  of dynamics  equations for  an e l a s t i c - p l a s t i c  med ium.  The ent ropy equation [(3.,17)] can be 
included in the comple te  s y s t e m  in place of  the ene rgy  equation. 

4. CHARACTERISTICS 

Let us study the c h a r a c t e r i s t i c  su r f aces  of the s y s t e m  of equations fo rmula ted  above. Just  the r e a ln e s s  
of the c h a r a c t e r i s t i c s  is not sufficient for  the s y s t e m  to be hyperbol ic .  Let us r equ i r e  that  the ma t r i x  d e sc r i b -  
ing the sound wave propagat ion (we call  it the acoust ic  mat r ix)  be s y m m e t r i c .  This  r equ i remen t  can be sa t i s -  
fied because  of a sui table  se lec t ion  of the p a r a m e t e r s  ll, /2, 13 s t i l l  not de te rmined ,  a f t e r  which the number  of 
independent p las t ic i ty  p a r a m e t e r s  is r educed toone :  L = l  I +/2+/3. The s y m m e t r y  of the acoust ic  m a t r i x  and the 
r equ i r emen t  that  it be  pos i t ive-def in i te  au tomat ica l ly  de t e rmine  the r ea lne s s  of  the c h a r a c t e r i s t i c s ,  i .e. ,  the 
hyperbol ic i ty .  Let us note that  the s y m m e t r y  p rope r ty  of  the acoust ic  ma t r i x  holds for  all  e las t ic  mcxtia ( iso- 
t ropic  and anisot ropic) .  Moreover ,  the s y m m e t r y  is convenient  for  the  cons t ruc t ion  of energy  in tegra l s ,  i .e. ,  in 
obtaining a p r io r i  e s t i m a t e s  of  the solution and its der iva t ives .  

We will evaluate  the  c h a r a c t e r i s t i c s  in a coordinate  s y s t e m  coupled to the pr incipal  axes  of  the s t r e s s  
tensor .  To do this ,  we shal l  wr i t e  al l  the equations of the s y s t e m  in quas i l inear  f o r m  and shall  se t  one in all  
the coeff ic ients  for  the de r iva t ives  of the unknown functions for  the m a t r i x  U. We obtain the following s y s t e m  of 
equations: 

jr 

2-7- ~ + 11 ~ + tl ~ , :  
dh~2 ~ I 8u~ Ou~ Ou s 
--dt ~2 0x~ -~ ( i - -  l s  - -  l , )  ~ ~- 12 ~ , :  (4.1) 
dhaa - Ou 1 Ou~ I Oua 
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dh i l__  h f - - h  i (  Ou i Ou)l 

dS i ~ I 

Ou 2 t I #ua 
§ ((~ -- al) 11] ~ + ~ [(~a -- ~i) 11 § (% -- ~) -~] ~-~. 

Let  us apply the method of [4, 5] to evaluate  the c h a r a c t e r i s t i c s  of  th is  s y s t e m .  By el iminat ion,  the d i f fe ren-  
t i a ted  s y s t e m  can be reduced  to a s y s t e m  of s e c o n d : o r d e r  equat ions,  c losed in the  highest  der iva t ives  with 
r e s p e c t  to the veloci ty.  Let us note that  the  opera t ion  of d i f ferent ia t ing the equations and reducing the equa-  
t ions  to the pr inc ipa l  axes  a r e  commuta t ive  to the  a c c u r a c y  of the  lowest  m e m b e r s ,  which a r e  negligible for  
the evaluation of the  c h a r a c t e r i s t i c s .  

Let  us apply the o p e r a t o r  d / d t =  O / O t  + U a O / O x  a to the equations for  u i in the s y s t e m  (4.1), and let us 
subst i tu te  the needed de r iva t ives  of dhij /dt  and dS/dt with r e spec t  to the space  coordinates  xi. Let us hence 
follow only the t e r m s  of the  equations containing the highest  s e c o n d - o r d e r  de r iva t ives .  We consequent ly  ob-  
ta in  a s y s t e m  of  equations whieh is c losed  in the highest  t e r m s  in ui: 

dSuf ~ ~u~ .. ~,. O~uz . - 3" O"-u~ , ~ O"-u~ ~ ~3~-ua 
dt-'-~ -'~ b l  "~'S"~_Z'q -IV1 a e ..... ~ §  "'--;LZ-r- ~zO%5:~:x § - , ~ - r  �9 �9 �9 ,: 

OZ 1 Ox 2 v:c 3 1 "z 

8~u~ - O'-u~ , ~. ~u~ , ~ 02u 3 (4.2) 
d~ul - - D  8"-u, §  .7..T..[_b_:..%._i_5ile . . . .  "7"~-~ntd~.Ox~ ~ . .  ",: 
dt  ~ " - - - -30z lOxs  ax~ ox~2 oz~ x ~3 

'd2u3 D 02u l  D 02ug , n~ 9;. 02[13 x o~ 02~3 I r ~2~l 3 
dt"~ = - -  ~ ~ + - - 1  ~ ~- ~u o e . . . .  o .~ § M ~e . . . . .  "Z~ ~ b~-';~_~ § . . . .  

ox~ oz 2 qx 3 

The coeff ic ients  Li, Mi, Ri ,  Pi  a r e  evaluated f r o m  the fo rmulas  
Eh,8 

L ,  = (Eh,  h, - -  Eh,) + (Eh,h.. - -  Eh,h,) 1.2 § (Eh,h, - -  Eh,h,) la + - ~ Z  [((q - -  %) lo'§ (fit - -  %) la], 

�9 Eh~ S 
L2 = (Eh~h, - -  EhJ  + (Eh,~ - -  Eh,h~) 13 + (Eh~h, - -  Eh~h~) 11 + ~ [(~2 - -  %) 13 + (% - -  ~ )  l~], 

, Ehss .. 

La = (Erich, -- Eh,) -5 (Eh,h, -- Eh~h~) 11 -5 (Eh~a~ -- Eh~h~) l,, "i- -~S [(% -- (h) 11 -5 (~a -- ~2) 12], 

Eh, --  Eh3 Eh~ --  Eht Eh, -- Eh~ 
M1 = e2~--~---~-e2h~, 2]r 2 = M 3 = e 2 h ~  _ _  e 2 h *  ~ 82h~  _ e2h~ ' 

�9 2hj e2hhEh~ - - e  15hk ., Ehis  
R i  = Ehih~ § ezh~ _ e2hk § (Ehjhi  - -  Eh~hk) li § (Ehjh j  - -  Ehjhh) l J  § ~ p ~  [((rh - -  c~i) II § (Oh - -  (~J) ll], 

2h h -- 2hi 
e l~'hj - -  e Ehh Ehh S 

P~ = E ~  + j ~ _  j ~  + (E~h~ --  E~h~) ~ + (E^~h~ - -  E h ~ )  l~ + ~ [ (~  - -  ~ )  Z~ + ( ~  - -  ~ )  ~l, 

i , ] , k = t ,  2 , 3 ;  i =fi ]=/= k.  

Let us note  that  the  equations for  hij , S cannot be  cons idered ;  the i r  co r r e spond ing  c h a r a c t e r i s t i c s  c o r r e s p o n d  

to s t r e a m l i n e s  [4]. 

I f  (6% ~1, ~2, ~a) denotes the  vec to r  n o r m a l  to the c h a r a c t e r i s t i c  su r face ,  the equation of the c h a r a c t e r i s t i c  
n o r m a l s  for  the  s y s t e m  (4.2) has  the  f o r m  

det (fFI - -  A) = 0, (4.3) 

where  ~2=r + u ~  a and A is an acoust ic  m a t r i x  of the f o r m  

a ~2 t wise ~3 ~ 3 ~ l ~ S  ] V l ~ l  -7- 

M a c  ~i § L~2 + Mle ~3 Rl~s~8 I. | (4.4) A----IPa~s~l ~ 2h, 2 Z 2a, 2 

[P2~3~1  -P1~3~2 Mee2h'~ 2 § Mle2h'~22 § L3~2~ 

For  the  s y s t e m  (4.2) to be  hyperbol ic  it is n e c e s s a r y  to r equ i r e  that (4.3) have posi t ive  roots  ~22. For  th is  
m a t r i x  A, it is difficult to make  a conclusion about the al lowable domains of the  coeff icients  Li, Mi, Ri ,  Pi in 
which (4.3) has  the root  ~22> 0. T h e r e  is s t i l l  f r e e d o m  in the choice of  the  coeff icients  l i ,  12, 13 governing the 
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p l a s t i c  d e f o r m a t i o n  and e n t e r i n g  in Li ,  Mi, R i ,  Pi- Making u s e  of  th i s  c i r c u m s t a n c e ,  le t  us r e q u i r e  tha t  the  
m a t r i x  A be  s y m m e t r i c .  If  the  m a t r i x  A is s y m m e t r i c ,  then  under  the  condi t ion of  its pos i t i ve  de f in i t enes s  we  
a t  once  ob ta in  fa2> 0. F ina l ly ,  it is a l s o  diff icul t  to  w r i t e  down al l  the  condi t ions  fo r  t he  pos i t i ve  deffxfi teness 
of  such  a m a t r i x  A, but  c e r t a i n  n e c e s s a r y  condi t ions  fo r  pos i t i ve  de f in i t enes s  can  at  l e a s t  be  ment ioned .  The  
r e q u i r e m e n t  of  s y m m e t r y  of  the  m a t r i x  A r e d u c e s  to  s a t i s f y i n g  the  equa l i t i e s  P,  =R1, P2 =R~., Pa =Ra, which  a r e  
h o m o g e n e o u s  l i n e a r  equat ions  f o r  /1, 12, 13: 

(E~,~, - -  En,~,) l~ + (E~,~, - -  Eh~hs) 12 3c (Eh,h~ - -  F--,h,hr) l a "Or- 

�9 t E Eh'S ( ~  - -  ~2) 13 --= O. 

(E~,h, -- Eh,a,) l~ q- (Ea,h~ -- Eh,~..) 12 + (E~,h, -- Ea,h,) 13 -~ 

- -  E h , 8  , "-D-- - ~ S  Eh's  ~fll" - -  03) 11 2i- pE-"~t [Eh,s (~2 --  %) -~ E~W (r:q - -  o-=7 ] l~ -I- ~ (% --  %) I s = O, 

(Eh,h, -- E~,h,) l, + (Eh,~, -- Eh~,) L + (Eh,h, -- E~,~,) l a + 

_~Eh,s . Eh=S , " t 

Let  us a s s u m e  the  equat ion of  s t a t e  to have  the  f o r m  

(4.5)  

For  such  equa t ions  of  s t a t e ,  

E(ha, h~, h~, S) ---- E~ S) +. E~(h~ h~,, ha). 

( E s h ,  = ( E s h ,  = (Es)h,  = o - -  pEos (P,, S ) .  (4.6) 

holds .  By  us ing  (4.6) it is s e e n  tha t  the  s u m  of  the  lef t  s i de s  of  (4.5) is iden t ica l ly  z e r o .  T h e r e f o r e ,  the  s y s -  
t e m  (4.5) is s o l v a b l e  and the  p a r a m e t e r s  II, 12, 13 can  be  s e l e c t e d  in t e r m s  of  one a r b i t r a r y  p a r a m e t e r  L. Le t  
L = l 1 +l  2 + l  3 and t ak ing  into account  tha t  ES = T is the  t e m p e r a t u r e ,  (ES)hi = -  P E~S = - p T p ,  we obta in  

[ L Fa + ~ [~* (2Eh,a, Eh.~hz - -  Eh,h,) -4- 11 "= F1 + F~ + F8 

+ az(Eh,h~ + Eh,h, - -  Eh,h, - -  Eh3h,) "-{- a% (Eh,}~, " Eh,h, - -  g ~ ,  - -  g~,~,)lh 

To (4.7) L F: + . l~ = .~.  + F~ + F, - -~  [61 (Eho~, + E~,~ - -  E~,~, - -  E~,~) + 

+ ~.,. (2En,h, - -  Ea,~, - -  Eh,~,) + Oa (Eh,h, + Ea,h, - -  Eh,a~ - -  Ea,~,)ll,: 

L i F  a ~_ T o la = F, + F, + F, ~ --T- [~ (E~,h, + Eh~.. -- Eh,~, -- E~,h,) + 

A_, (i 2 (Eash, -[- Ehdq -- Ehth, -- Eh,h,) -~- ffS (2E~,a, - -  Ehtht -- Ea,a,)]],: 

w h e r e  F i is the  s u m  of  the  c o f a c t o r s  of  e l e m e n t s  o f  the  i - th  co lumn  (row) of  the  m a t r i x  ][Ehihj ~ : 

[ ghth, Eh2h, [ Ehth, ] Eh,h, 
F* = I Eh,h, Eh,h, I - -  Eh,h= En,h, Eh,h~ [ + [ En,a . . . .  Ehzh, .Et~zh, ~ 

Eh,h, i F~ 
I Ehah, Eh,h, I Eh,h, Eh~h, [ I Eh=ht Ehth, 1'; 

I Eh,h, Eh.h. l __ l Eh,hl Ehlh, [ Eh.ht Eh,h, [ Fa 
I Ea,a, Eh,h, ! Ea,a, Eh,h, + I EhAs Eh,h, l" 

Thus ,  the  p a r a m e t e r s  11, 12, 13, e x p r e s s e d  in t e r m s  of  d e r i v a t i v e s  of  the  equat ion  of  s t a t e  and one a r b i t r a r y  
p l a s t i c i t y  p a r a m e t e r  L have  been  s e l e c t e d  such  tha t  the  a c o u s t i c  m a t r i x  (4.4) would b e c o m e  symmetr~ ic :  

A =  i 
Ll~  + Mae2h'~ -+- ~12 e2h'~] 

3Ia e2h'~ 2 + L2~ + M1 e2a'~ 2 P~=~a . 
~,f 2h,~:2 ~ 2h. 2 2 P~a~2 :v~ : e =1 q- :111 e "~2 q- La~a 
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The hyperbol ie i ty  conditions now reduce  to the requ i rement  of posit ive defini teness of h .  Let us wri te  some 
n e c e s s a r y  r equ i r emen t s  for  the posi t ive defini teness 

L 1 > 0 ,  L 2 > 0 ,  L a > 0 ,  M , > 0 , :  M s > 0 ,  M ~ > 0 .  

Let  us note that fo r  L = 0  (i .e. ,  for  ll=l~=ls=O) the ma t r ix  A is an acoustic ma t r ix  of the nonlinear  e las t ic i ty  
t heo ry  equations which we re  studied in [3, 4]. 

The plast ic i ty  p a r a m e t e r  L can depend on all  the s t r e s s  t ensor  invariants and on the t empera tu re .  

The r equ i remen t  of posi t ive defini teness of the ma t r ix  A reduces  to cons t ra in ts  on the equation of s ta te  
E(h~, h2, ha, S) and the plas t ic i ty  p a r a m e t e r  L(hl, hs, hs, S). Unfortunately,  it is difficult to wri te  down explicit ly 
convenient inequali t ies descr ib ing  these  cons t ra in ts .  

As an i l lustrat ion,  let  us de te rmine  the p a r a m e t e r s  /l, l~, 18 for  ce r ta in  specif ic  equations of state.  For  
instance,  let  us cons ider  an equation of s ta te  of the f o r m  (it is studied in [6] fo r  a number  of metals)  

E(th, ks, h~, S) = E0(p, S) + 2B(p)D, (4.8) 

3 

1 ( h, + h~ + h~)2; the function B(p) has the meaning of the square  of the where  p=p~ D = ~ _ ~  h ~ -  3 

veloci ty  of t r a n s v e r s e  sound wave propagation. Le t  us use E~s. (4.5), which for  the equation of state state (4.8) 
iT = E~(p, S)] become  

where  

, .  = 

11 -- lo. = ( TPT 

a~0 - ( o~ = --  p-~ptp, S) --  2p~Bp (p) D + 2pB (~) h~ 

Bp \ (Js - -  o's 

Bp "~ O* 1 - -  ~3 
] 2B (l  I ,A- 12 -4- la),  

~ ) ~ ( ll -S l.,. + la),. 

h, +as + h,). Using the notation L = 11 + l 2 + 13, we obtain 

B~)(B o , - -  (~ /'- % ~-"'~ 1 1 3  , i =  t, 2,, 3. (4.9) 

Now, let  us wr i te  the equation of the cha rac t e r i s t i c  normals  for  the equation of s ta te ,  

where  we calculate  al l  the  coeff icients  of the acoustic  ma t r ix  A at the point hl=h2=h3=O. Such an acoustic 
ma t r i x  will desc r ibe  sound wave propagation in a , l i n ea r l y  plast ic"  medium. 

Using the fo rmulas  to evaluate Li, Mi, ~ and taking into account that ll =12=13=L/3 in the case  under con-  
s idera t ion ,  we have 

L1 ---- L~ ---- L a = 7o -4- 2~ --  y ~L MI ---- M~ ---- M a -- I~ 

The matrix A will have the form 

2 4 2 ~L) ~l~a 

2 4 L \.~. . ~ 

Let us examine the case  of plane waves,  which cor responds  to a two-dimensional  sys t em of equations. 
For  this  case  the s e c o n d - o r d e r m a t r i x  A with ~s=0 must  be studied. The cha rac t e r i s t i c  equation [(4.3)] wil lhave 

the f o r m  (we use  the notation K = ~. + ~-~ 
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$ 2 2 

A sect ion of the s u r f ace s  of  the c h a r a c t e r i s t i c  n o r m a l s  to the plane ~2 =const  is shown in Fig. 1. 

Let us note that a detai led study of the c h a r a c t e r i s t i c  n o r m a l  su r f ace s  and the cha r ac t e r i s t i c  su r faces  
for  an iso t ropic  e las t ic  med ia  in the ca se  of plane waves  is contained in [7]. 

5. P L A S T I C  D E F O R M A T I O N S .  

E N T R O P Y  G R O W T H  

The r equ i remen t  of  s y m m e t r y  of the acoust ic  ma t r i x  for  a ce r t a in  c l a s s  of equations of s ta te  pe rmi t t ed  
ext rac t ion  of a p a r a m e t e r  L cha rac t e r i z ing  the plas t ic  deformat ions .  Let us now examine how the plast ic  de-  
fo rmat ions  a r e  de te rmined  by using this  p a r a m e t e r  L. 

The e l a s t i c - p l a s t i c  s t r a in  equations for  effect ive e las t ic  s t r a ins  have the f o r m  

d h J d t -  coi~ = - - ~ i  = - - ? u d h j  dr. 

The coeff ic ients  Tij a r e  de te rmined  f r o m  the fo rmula  

I Iv . l t  = I I~ . l l  -= - l l ~ . l h  

but the flij a r e  e x p r e s s e d  in t e r m s  of the t h r e e  p a r a m e t e r s  ll, 12, l a in conformi ty  with (3.7) and (3.8), which 
a r e ,  in turn ,  e x p r e s s e d  in t e r m s  of the one p a r a m e t e r  L = l 1 +/2 +/3 f r o m  the condition of s y m m e t r y  of the acous-  
tic m a t r i x  accord ing  to (4.7). 

S~arting f r o m  th is ,  the coeff icients  ~ij can be evaluated by means  of the fo rmulas  

V n  = ( L -  lx) l( t  - -  L) ,  72,_ ~- (L - -  l.~)/(1 --  L), 

Van -~ ( L -  ls) / ( t  - -  L) ,  (5.1) 
7xz = ?x8 = - - l j ( l  - -  L) ,  V2~ = ~ = - - l : / ( 1  - -  L) ,  

7a* = Va2 ----- - - l J ( t  - -  L ) ,  

f rom which we get 

dhi l _ ~ [  dhi d(h,  -~ ha '-hs) ] (5.2) 
~ i i  = 7~.f ~ = L ~ - -  l i d t  " 

which e x p r e s s e s  the r a t e  of change of the plast ic  s t r a in s  in t e r m s  of the ra te  of change of the effect ive elast ic  
s t r a i n s ,  meaning  in t e r m s  of the r a t e  of change of the s t r e s s .  

Indeed, in the case  of  t r i ax ia l  s t r a in  without rotat ion,  we have 

dh~ i F dhi d (h I _L h~ ~ ha) I (5.3) 
d t = r i ~ = ~ - -  L [ L "-~T - - ~ ~ -d-i " 

Using (4.9) for  l i for  the equation of s ta te  (4.8), and for  

we obtain 

Or i 
ol -b % ~ o'a h, -'- h~ 4- ha) pB (p )  h~ - -  a ' 

~t - l - L  2 .  ~t -~[a~ ~1 ( 5 . 4 )  3 i - -  L 29BT c~i 3 

It can be seen  that if the t e m p e r a t u r e  effects  a r e  not t aken  into account,  the re la t ionships  (5.3) will take the 
f o r m  

These  re la t ionsh ips ,  which are  a pa r t i cu l a r  ca se  of (5.2), r e c a l l t h e  equations of the Heneky deformat ion  theory  
of p las t ic i ty  [8]. Hence,  the poss ib le  l imit  c a s e s  can be seen:  If  L = O ,  then dhP/dt = 0 ;  i .e. ,  the strain,~ occur  
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d l (  o,,+ +os)  
e las t i ca l ly ;  if L =1,  then ~i- -~ ai --  ~* = 0~ i .e , ,  the p las t ic  s t r a ins  p roceed  with an unchanged s t r e s s  

devia tor  (ideal plast ic i ty) .  

The domain of va r ia t ion  of the p las t ic i ty  p a r a m e t e r  L is in the range  [0, 1]: 

0 < ~ L ~ i .  

NOW, let  us examine  the  equation for  the entropy.  The ent ropy growth law affords  a poss ibi l i ty  of ex-  
t r a c t i ng  the  domain where  the s t r a i n s  occur  only e las t ica l ly .  The equation for  the entropy has the f o r m  (3.13). 
Using (5.1) fo r  eli, we obtain 

dS L d (  h $ -  h~ +hs'4-h3 ) 
" 3 ( - ~ - - l i )  d (h ' -h~2- '  (5.5) 

pEs ~ = ~ ai dt + a~ ...... 

The r e q u i r e m e n t  of  a nondec rease  in en t ropy  impl ies  the  necess i ty  to comply with the inequality 

t L [(L - -  lz) ~z--  lz(r2 - -  tara] ~ + " " dh2 ~ [(L ~ 18) - -  llal --  l:ao] dh~ ~ (| (5.6) 

As soon as this  inequali ty is spoi led,  it is n e c e s s a r y  to set  L = 0 (this means  li = 0) even if the intensity of 
the tangent ia l  s t r a i n s  h > h ,  is the  yie ld  s t r e s s .  

6. E L A S T I C  - P L A S T I C  S T R A I N S  

O F  A P L A N E  L A Y E R  

As an i l lus t ra t ion  of the use  of  the s y s t e m  of equations we compi led ,  let us cons ider  the p rob lem of s t r a in  
of  a fiat  l aye r .  The equation to de sc r ibe  such p r o c e s s e s  by using the Maxwell model  is p resen ted  in [3]. 

To der ive  the  plane l a y e r  s t r a i n  equations by means  of the e l a s t i c - p l a s t i c  model ,  we wri te  down a one-  
d imens ional  s y s t e m  of equations.  We use  (1.1), (3.15), (3.17) for  the veloci ty ,  the s t r a in  t e n s o r , a n d  the  entropy.  
Since the motion is one -d imens iona l ,  we set  u l = u  , u2=u3=0,  h l l=h l ,  h22=h33=h2, hij =0 (i ~ j ) |  hence ~ l l = ~ l ,  
a22=cr~---a2, 12=13, andwe cons ide r  that  the  unknown functions depend only on one space  coordinate  x =x t. The 
one -d imens iona l  equations have the f o r m  

dh t 0~ 
dt p Ox dt 

dh s Ou dS 2I~ (01 --  (Y~) ~,Ou = O. 
dt l~ -~" ~ O, dt pE s 0--~ 

For  s impl i c i ty  we shal l  s tudy p r o c e s s e s  without taking account of t e m p e r a t u r e  effects  by a s suming  that  
the  s t r e s s e s  a r e  a s soc ia t ed  with the effect ive e las t ic  s t r a in  by re la t ionships  of the type of Hooke ' s  law: 

2~ 
ai = ~0 (hi + h~ + ha) + ~ hi. 

Hence,  we shal l  not cons ide r  the equation for  the entropy.  Moreove r ,  ll =12 = ls = L / 3  holds for  such a dependence 
~[(hl, h2, h3). FUr the rmore ,  s m a l l  t i m e  in te rva ls  a r e  cons idered ,  f o r  which it can be cons idered  that  8 u /D x =  

=cons t  (it hence follows t ha t t he  equation for  u cannot a lso  be  considered) .  
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The final sys tem of equations descr ib ing the s t ra in  of a plane layer  becomes (after the simplifications 
are  made): 

dh, = ( t  2 " --~ ~ L s .  (6.1) d{ , y L ) ~ ,  ~ ~ " 

The s t r e s se s  a re  evaluated by the formulas  

~ + 2 ~  • 2k 
(Y2 ha + P0 t~2" 

(6.2) 

The inequality (5.5), which has,  for  the case under considerat ion,  the form 

h l + h ~ + h n )  

{ - -  L c~l dt = i - - L  (~ 3 

3 + ha) 

dt 

o r  

3 3 
L d ~ i (  _ hl~-h2-~-ha)2 Po L d ~ (  

Po l - -  L dt hi 3 bt i - -  L dt 
Q- (~3) 2 0"1 ~- (]2 . 3 ~0, 

~0 

remains ,  as before,  the cr i te r ion  for the p rogress  of the plastic s t ra ins .  
one of the inequalities 

< 0  

In our  case  L=0 ,  there fore ,  if at least  

(6.3) 

is satisfied. We consider  L =const  > 0 outside these  domains of variat ion of h~ - h 2. 

Therefore ,  the sys t em (6.1) descr ibing the s train of a plane layer  is c losed by using the selection of two 
constants h ,  and L, which cha rac te r i ze  the plastic proper t ies  of the medium. Let us note that the quantity e = 
~t has the meaning of the rea l  layer  strain.  Indeed, the total s t ra in  is determined f rom (5.2) 

dhl dh~ dh 1 i l _ ~ L [  dh~ L d (h l -~h~+h~)  ] 
"dr -~ dt dt + L dt 3 dt " 

_ l dh~ L d (h~ 4- 2hr 
l - - L  dt 3 ( t - - L )  dt 

f rom which h 1 +h p = ~t +const.  

0) 

i --2L 
3 L �9 �9 

l ~ Z - -  L e 3(2--L) ~ = s ,  

Let us s tar t  to s t re tch  a layer  at the constant ra te  of deformation ~> 0. Since ~ - h 2 I <  h . ,  we have (L= 

h~(t) = "st, he(t) = O, o~(t) = [(~. -~ 2~t)/po]~t. 

As soon as h 1 - h 2 = h . ,  we consider  L=cons t  > 0. Let us denote this t ime by tl: 

hi (h)  = eh  = el = h , ,  (h(h)  --- [(~. + 29)/90]h,. 

Let us continue to s t re tch  the layer  fur ther  until the t ime t2; hence 

l h ( t ) = h .  + ( l - - 2 L )  e(t  - h) ,  h 2 ( t ) = . ~ L g ( t - - h ) ,  

3 �9 
~ l ( t ) = ( h ( h ) +  P0 e ( t - -  h), 

h,( t )  - -  h2(t) = h ,  + (i --  L)'e(t - -  h) .  

(6.4) 

It is seen that (rt grows for s t ra ins  beyond the elastic l imit ,  and the tangential  s t ra in  intensity h= ~at-h21 > h ,  
also grows (Figs. 2 and 3, sections AB). Let us select  some t ime,  s tar t ing  f rom which the tension of the rod 
ceases  and we s tar t  to compress  it at the s t ra in  rate  - ~  [in place of ~ in (6.1), we must substitute -~}]. By 
virtue of conditions (6.3), we set L = 0  on this section of the strain.  Solving (6.1), we find on the section BC 

h~(t) = h~(t~) -:- ~(t - -  t~), h~(t) = h2(t~), 

a~(t) = o~(t2) --  [(k + 2~)/po]'e(t --  t~), 

hi(t)  - -  h2(t) = hi(t2) - -  h~(t~) - - ' e ( t  - -  t~), 
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where  hs(t2) , h2(t2) , qi(t2) a r e  de te rmined  f rom  (6.4). Let us compress  the l aye r  until a l = 0 .  
by ts, we de te rmine  it f r om the equation 

~(ts) = ~(t~) - -  i(~. + 21D/P0l~(ts --  t~) = 0. 

We find 

At the  t i m e  t 3 

Denoting this  t ime 

~(t, -- t~) = [p0/(~. ~- 2~)]~x(t,). 

o , ( t , )  = o ,  h~( t , )  = h , ( t , )  - "8(t, - t~), h , ( t , )  = h , ( t , ) .  

F u r t h e r m o r e ,  at this t ime  
hi  Cts) - h2 ( t , )  = h i  (t~) - -  h2 ( t ~ ) -  ~ (t3 - -  t~) = 

2 
2 - ( t ,  - -  t , )  = - -  

= h ,  + i - - - ~  L g (t2 - -  tt) - -  h )  - -  ~ ~ + z~ 

and since,  L >0~ h +2g /3  > 0, h +2p > 0, we have hs(t 3) -h2(t2) < 0. The re fo re ,  when a s = 0  , the tangential  s t ra in  
intensity is h 1 - h 2 < 0. 

Let  us note the  following: 

1. If a rod  is again subjected to tension at the same s t ra in  ra te  s then a l a r g e r  s t ra in  than s = h .  must 
be pe r fo rmed  to emerge  in the plast ici ty  domain [h i - h2 [ -> h .  since we s t a r t  the tension at h i - h 2 < 0. It is 
hence evident that a 1 = ai(s  2) upon a r r iva l  at the plast ic section (see Fig. 2), This effect in terpre ts  the harden-  
ing phenomenon. 

2. If we continue to compres s  the rod fu r the r  f r o m  the t ime  a s =0 at the same s t ra in  ra te ,  then it is 
n e c e s s a r y  to p e r f o r m  a l e s s e r  deformat ion to em erg e  in the plast ici ty  domain for the reason  that h i - h 2 < 0 
a l ready,  where  ~r 1 < ffs(s upon the emergence  into plas t ic i ty  (see Fig. 2). This phenomenon has the cha rac t e r  
of the Bauschinger  effect .  

If the nonlinear  dependence ~i = ~i(t11, h2, h3, S), li = li(hl, h~, h3, S) is cons idered with the t e m p e r a t u r e  
taken into account,  then all the  s t ra in  sect ions in Figs.  2 and 3 will dif fer  f r o m  the rec t i l inea r .  

The author  is gra teful  to S. K. Godunov for  in teres t  in the r e s ea r ch .  
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